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The H can be chosen* in such a manner that R(P) will have one of
the following forms

I. R(p) = £(p°) |
I1. R(p) = £(p2W 02 - 1; R(p) = 2(p2W pZ - 25 R(p) = £ (p2)p;
. R(p) = £(2) V2 -4 25 R(p) = £(p2) Vp 2 - 1;
R(p) = £(p2) Vp2 - 1)/p2 -y 2;
V. R(p) = £(p2)pl p2 - 1//p% - 97,
with analogous expressions for M(p) and N(v). 1In this case the product

V = RMN will be a harmonic polynomial satisfying the equation of Laplace.
It must be remarked that there exist 2n + 1 functions of Lame” of degree n.

Thus the functions of first order are 3, namely:
R, =Vp 2 -1,
R, = Vp 2 _,72’
Ry = P
and analogous functions for M and N.
There are 5 functions of the second order:
R, =p \/92 _ ?2
Rg =¢ VeZ -1
R = Vo? - 11/p2 -2
Eanalogous eicpressions for M and N), and also two functions R, and Rg

My end Mg, N; end Ng) which must have the form I, i.e., mist be
polynomials. ’

In order to avold meking use of the characteristic equation, we
shall find the functions by the consideration that their product must
be a harmonic polynomlal.

Let the roots of the polynomials be and Qp; then, substituting
in the fundamental equality (4) o; forl 2(:?1 = 1,2), we obtain

* H must be in this event root of a certain algebraic equation
known as the characteristic equation.
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2
(p? - @)(W® - @)V - o) = C(aix R R 1)

C = (ai - l)(ai -?E)Gi.

Since the polynomial in x2 s y2 s 22 on the right side must be harmonic,
we obtain, using the Laplacian of the right side of the equation,

L + 1 +-l—-== 0. (9)

a -1 ai"72 Q3

Oti(i = 1,2) will be the root of the equation
32 - 2(1 + 2)a +32 = 0. (10)

We get

o __l+'q2+\/l-1)2+1?l+

: 3 (11)
_1+y? -Vl —p2 gt
Gy = T3 —
Q& and Gy lie within the limits
2
Limiting the expansion to the fourth power or less of
2,1 2o 1.4
Q@ = 3 t + -8»1? +
(12)

1,4
a2 = 5'( - -g’fz + ere
The polynomisls of degree zero are equal to 1:

RO'-:MO:NO:J.

Now we may compile a table containing the eight functions of Lame’.
The letter n denotes here the degree of the function, and k’ the order of
the function in accordance with the designation of Polncare (see Table 2).
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The seml—axes of the ellipsoid p = P way now e expressed by the
functions of Lem€ according to the compiléd table, thus:

A =R (py) = R0 B = Ry(pg) = ROs € = Ry(Py) = 330.

The equation of Lamé'is of the second order, so, besides the solu-
tion R, there must exist a second solution which we shall denote by S.
Each function R is conjugate with another fuhetion, 8, which is known
as a function of Lame” of the second kind. These functions are determin-
ed as follows:

(o.0]
- (on 4. = RyR. :
= (2n + 1) R }S; = (W = RyRp) (13)

If n denotes the order of functions, the expansion of the function
R into series starts from p” + --., and the expansion of the function
8 into series starts from 1/pP*1 + .... The function S is regular oufi-
side the surface of the ellipsoldp.

Therefore the potential function for the exterior region must be
sought in the solution of the Stokes problem, which, in accordance with
the above formulation, is in essence the exterior problem of Dirichlet,
in the form

0
= Y ASMN.
k=0

The functions R and S are connected by the mutual relationship

2n+l ;
5 3? - R EF . (14)

The orthogonality of Lame’'s function is expressed by the equality

g[OMNM' N'dw= O, (15)
0

where the integration is the whole surface of the ellipsoid E (p p

lo is a magnitude introduced by Liouville for the e711p501d.p » and 8

is an element of the surface of the ellipsold. It is to be néted that
if the formula (15) we suppose M'N' = MgNp = 1, then the formula becomes
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j (MVdw = O. (16)
E0
We must add also that
{ dw= Ux. (17)
0
E0

We remark in comnclusion that, in Lané's equation, a transformation is
possible to the elliptic veriable

00
e _ s
W

l for

gig-[n(n+l)@(u)+h:lf{=0,

u

Lame's equatlion then takes a siup

where § (u) is the function of Weierstrass.

3. THE POIENTIAL OF THE LEVEL TRIAXIAL
ELLIPSOID; THE DETERMINATION OF THE
COEFFICIENTS FROM THE EQUILIBRIUM
CONDITIONS

Let us expand the potential function (potential) into Lame's
functions. As was noted in the preceding section, the expansion can be
expressed by the equality

2 7]
VY A (18)
0

On the surface of the ellipsoid this function must become

const —%’- (2 + 22

This expansion of the function V into products SMN must contain
only those Lame’ functions which become on the surface either constant
or a polynomial in y2, z2 and also x2, because the latter variable
& function of and z2 on the surface where all the variable (x° yﬁ,z. )
are interrelated by the ellipsoid equation.

2k
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On the surface of the ellipsoid P = pp = const, the product SMN
differs from the product RMN only by a constant multiplier because

S
and R is constant if f is constant.

As for the products RMN, they can become, as is seen in the table
of Lamd's functions (Table 2), either constant or polynomials in x2 , ¥2,
z° only in the case k = 0, 7, 8. The subsequent functions k = 9, 10, ««.
not included in the table do not have the required property.

All the coefficients in the expansion of (18) will be zero except
AO s AT’ Ag, and the expansion will have the form

V = AgSoMoNo + A7S7MyNy + AgSaMgNg. (19)
Besides, as was sald earlier, the expansion of S starts with _TllTi' s
- P

where n is the order of the function.

. 1l 1
The expansion of Sp starts with rl and ST and Sg with -qu;, and from

the condition (1121 rvog M) we obtein (taking into account that Mo=Np=1):
-

Ao = M
where M 1s the mass of the ellipsoid.

In this manner we obtain the final form of expansion of the poten-
tiel of gravity in Lame functions:

The potential of the gravity U of the level triaxial ellipsoid
rotating with constant angular velocity w is

2
U=V +S (52 +2?), (21)

Here the expression for V is as in (20).

25
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It is necessary to expand y2 + z° into the products My in order to
express the expansion of the gravity in Lame’ functions.

Taking into account the exemple of Hamy, we shall use the formulae
(5) that express the interrelationship among the rectangular and ellip-
tic coordinates. Separeting the terms depending on ;_12 and v2 , the
equations (5) can be written:

X =I——1-[u2v2-(p2+v2)+l],

2 . p2 _22 [_ 122 +'72(u2 + v2) _?u], (22)

(1 -7%)

2
2 _Pf_ 2,2
z =5 nVE.

Let us now express |J.2V2 and “2 + Ve

MgNg-

For this purpose we shall write

in terms of the products M"{N‘Y and

M7No pev2 - aq(p? + v2) + 2,

(ue - O‘]_)(VE - 0‘1)

(23)
peve - on(p2i+ v2) + a2,

H]
i

Mgllg = (k8 - a)(v2 - o)

We obtain of these equalities,

2,2 _ Gl - %My oo
o - %

2_M8N8'M7N7
T -

p v

+ (g + ).

Setting the values of yap and ) + & from equation (10), we obtain
- 2
y2y2 o AMBNE - GPM7NT 5=
Q- @ 3

u2+vzzw+g(l+72).
g -ap O

26
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Setting these expressions into (22), we obtain, after some modifications,

2 2
-1 1 - 1- 1 -a
2=ty [ e g e
l....,z 3 al-C!2 &2-(11
> 2 o 2 2 2 .
yeg p= -7 y=(1 -» )+’? ’°‘2M7N7 +3L——f“—lIV"NB}
F( -n?) 3 @ - % -G

2 2
2 P oo ay
z& = 072 {23. * —_—"—&]-_ MyNy + aI_:.__ MBNB‘\ .

Tt is easy to get the following identities taking into account the
interrolationship of the coefficients and roots of the quadratic equetion
(10):

2
'7 = 3ala2’
(1 -92) =3(1 - )1 - o), (2k)
701 =98 = 3y - 9)f - @)

By aid of these identities the following expressions for x© ’ y2 ’

and z2 can be formulated:

1 My Ny N 1 MgNg
oy - 1) ap -ap 3op-1)oy -

X2=(?2-l) %-l'

1 Ml 1 MgNg ]
Aoy - 7)) & -y 3o -'72) a - O‘zj’

22=P2[}.+ 1 Mgy, 1 Mglg l

(25)

y2_(P2 _72) %_*_

3 30 Op -Q1 30 0 - O

2 2 2
PR e SN -GS S 1 UG LI | et S0
3 N - &) |og -p=e o | 3(ey - o)
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Let us modify the expressions in the brackets:

A L
@ -7" o o (@ '*72)

Let us add and subtract, in the numerator, the expression cxl(201 -'172).
Then we can write

(2o - p®)(e? - og)+ 20n® - 2 of (e - BN - ) .
o (o -9 2) o (o -?2)

2.

Let us eliminate Oy from the second identity of (24) by aid of the first
identity, then

al(all-oyg) = {1 - o) (2 -72),

and finally

2
-
fL 1,

N
QG @ l-¢
By analogous operations the second bracket becomes

2_ 2 2 2
P - . fF p -~

————-—2..+——-::
32-47 (12 l-a2

By aid of the expressions given in Teble 2 for the Lame’functions, these
two equations can be written in the form:

+ 2.

2 2

R R R

2~§+3= 1 + 2 (26)
@ -p° @ 1-g

Ro®  R2 R

‘5”2‘72 % 1l-o
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Finally, we get for y2 + z2 the expression

2 2 M- R R
2. g2 20 oy, M r7+2}+M8N8 8 +2} (26.1)

3 3(op - a1) [T - 3oy - R)T -

Setting this formula into the formula (21), we have

U = MSp + A7STMyN7 + ABS8MSN +
w2 {292 S R .ol . eN8 Rg .
2 3 Mo, - ) |1 - My - )|l -a, * :

Finally, from this we obtain the following transformed form of the
gravitational potential:

M-{N?+

2 2
U= M, + % (262 -n2 A-S e BT
otz (26 -9°) + (AgSq + Bl o) [1 — + 2

S - | e 2 (27)
+ + + - Mo
A8 8 6(al _ ) \Vl _ | ] A{’:} [

On the surface of the ellipsoid, so that ¢ =@

2 2 R,O
0 w 2 2 0 w ! .
{MSO + '6'(2F0 -7 )} MoNg + {A..(s7 *tz @ — o) [1 —y + g} M Ny

0 w2 RBO -
+ 14gSg + g &%) |T- % + 2| MgNg = const. (27.1)

~4

The last expression becomes & constant on the surface of an
ellipsold p = Py if the coefficients of M7N7:‘af1d MgNg are zero. Actually,
we have an expansion of a constant in Lame’ functions in the form :

C = agly + aqly + aglg, (28)
where for an abbreviation the product MN is denoted by L, and the co-
efficients ag, a7, ag denote the expressions in braces, which are
constant on the surface of the ellipsoid.

If the equetion be multiplied by Odw and integrated over the
surface of the ellipsoid EO( P:po), we have

c S ( odw= ag S[o olotw + 8- S lOLwa+ ag S [OL8(1w.
EO EO EO EO

29
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The second and the third terms on the right slde are zero on the
basis of the orthogonality of the Leme’ functions (16). Taking into
account the equation (l’() the integral formula becomes

C bn = a, b,

or

We draw the conclusion that the constant which expresses the potential
of the gravity on the surface of the ellipsoid has the form

2
¢ -+ (2 -70)- (29)

In order to prove that the coefficients a, and ag are equal to zero, 1t
1s sufficient to multiply (28) in turn by { jL,dwand {glgdw and to
integrate the results over the surface of the ellipsoid. Then, from
equations (15) and (16), the equality (28) gives

-
ag S { ol Qw= 0,
Eq
2
e S [ Lg A = O.
E,

The integrals are not equal to zero; consequently

a,( = 0,
ag = 0,
or «0
2
w R7
AT = o) + 2} 5
6(&1 - (72)87 l - Ctl
. 0
w ® Rg .
A8 = 0 + 2 » (30)
6(c, - )8 -0

These equalities determine the conditions of equilibrium.

30
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Betting these expressions for the coefficients into the formula
(20), we get the final expression of the gravitational potential on
the level triexial ellipsoid:*

2 0]

w Ry

6(x - 2)8,%1 - o
2

w { R80

+ 5 +

6(ap - oy)sg -

V=MSO+

+ 2} STM'?NY +

2} SgMalig- (31)

L. THE CASE OF A HOMOGENEOUS LEVEL ELLIPSOID

We need in the further investigations some identities by whose aid
the functions S; and Sg could be expressed in terms of the functions
81, » S . 1 us furnish a proof of the existence of such an identity
for tﬁe function 87 A like proof exists for the function Sg.**

We transform to a new varilable p2 =r. Then pdp = %‘-dr, and the
function S7 , a8 a function of the variable r, will have the form

2 R -
ST(r) = ) Rr(r)j R72(r)F(I’) 9 (32)
T

and
F(r) = r(r -Vz)(r - 1).

Let us integrate (32) by parts.

Q0 00
87(r) 1 1 1 Fr(r) dr (33)
SR7Zr) =2l Fr)r,(r) | 2 ) ®(Z) F(7) F(¥) ) 33
r r

F'(r) denotes the result of the differentiation with regard to r, and

’ t
R-*(r) = 1. Let us expand the function ——F(‘—sie—-)- into simple fractions.
T R7 r)F(r

¥ An enalogous expression can be found at Mineo, see (10).
#% The proofs of the identity for a general case (for any n) we
find in the work of Humbert (19).

31
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We have

F'(r) ==1311(1-)3'(r) _1 1 _J:_;_ 1 1 N 1 1}_ (34)
Ry (r)F(z) RT(r)FQ(;) 2|87(0) r Ry(y?) T -p° R (1) T -1

Indeed, we have the expansion of a function of the form ‘ﬁ—g—:%-, where

#(x) = F* (z)F(r), and $(r) = By(r)Fe(r) = (r-&)-)-y2r. This ex-
pansion can be written

Br)  #0)1,40) 1, 407 1, o) 1
¢(r) ¢(0)r #()r-1 ¥@)r-p2 ¥(y)r-o

But ¢'(r) = 28;(r)F'(r)F(z) + F(r), where Fo(r) = [F(r)]?.

The coefficients of the expansion have the form

F'(r)
2 R.T(er‘(r) + F(r)

Ifr=0, 33, 1, the second term is equal to zero, and we have for the
first, second, and third coefficients the corresponding values,

L z and—i—.
2r7(0)” 2R7(9 )" 2R (1)

If r = @, the first term in the denominator is equal to zero, and we
heve for the calculation of the last coefficient the formula

Fi(r 111 - 1 1l
T mw | - + . h‘vl
F(r 2[r+r-7d r—l} 1 (34.1)

which is equal to zero If r = @, according to (9).

Setting (3%) into (33), we have¥

This is a partial case of a common formuls obtained by Humbert
(see (19) page 36) in which it is necessary to correct a mistake
in the coefficient before the integral. There it is given as
1/2, but it must be 1/k,

32
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(00]

S7(r) _ 2 1 { 11,1 1,1 1 | ar
] 2 2 ?

5R7(r) 2R7(r)F(r) Y R:,»(O) r RT(? ) r -9 RT(l) r - 1| F(r)
F (35)

or

o0

S7(r) _ 1 +5S 11,1 1, _1 1 |.ar
5R7(r) 2R7(r)F(r) 4 o rooa -72 r -72 @ -1r-1fF(r) '
r (26)

Let us write the expressions for 81, 8o, S3:

o0
3 dr
Sl =35 Rl(r) ‘5 R"?“"—l (I‘)F(-I‘_)- P
[00]
3 _ar
o R2(r"5 R2(r ()
r

= 3R (r —4a .
s, 2R3( )5 R32(r)F(r)
r

Hence
dr _2851(r)
r -1 r) 3 le )
ar 2 82(r)

(r-7%mr)=§ngr>’

ir _ 2 53(1')
T3 Ry

H
s
Lo
H
g
(U8]]

H<m g HComg "y
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From the equality (36) we obtain the form

S7(r)= o1 +_1_ E_S3(r)+ 1 Sg(r)+ 1 8y(r)

SRo(r) 2R (r)F(r) 6 |og Ry(r) op -9° Bo(r) @ -1R(r)|

So we obtain the identity

S S 1 S 1 S
RIS . 51| (36.1)

Here it makes no difference which variable is taken, r ore, and A is
here the product of RlR2R3.

We have an analogous expression for Sg:

s 18 1 s 1 s
2.?.___?_,2__3_+__Z._2.+ L (36.2)

R8 AR8 3(1233 0'2-'7 R2 a - 1Ry

Let us obtain one more identity by writing the identity (36.1) in another
form. Teking into account that ¢ = Ra, and that W = R1R2, we have after
multiplying the equality (36.1) by Ry =p:

2P.s..1__5__=2.2 .}_5.3.4.__1__.—%.2_4. - ?-l.
R, WR; 6 ' |a Ry @ -p°Rp @ -1R
Now
Ra3 R2S R18
4 228|538, 22, 7L (37)
dp 6dp ay Cxl-? o -1

34

Approved For Release 2009/03/11 : CIA-RDP79-01083A000200070001-0



Approved For Release 2009/03/11 : CIA-RDP79-01083A000200070001-0

Indeed
loo]
d d ]
.—.S3R3=2P .3-;)-2_;_2?_1-2,
dp ?Lw W R3 W
o
53]
a 3d 3 ] 3
—spRe = 2p \ —p——p— - == 2p 2 -~ (37.1)
dp -J(p -7 woow Ro W
0
00
3
ap (92 - W W Ry W
0
. s . 1 1 1
Multiplying these equalities in turn by — , s -, adding
al al - 2 Otl -1
the results, and taking into account that according to (9)
£ + L s + = = 0, we obtain
al al "7 al -1
d |RaS- R-8 R4S S ] 1 ]
— 3j+222+ 171 =2 123, 12-—%+ i.(37.2)
dP 251 ay - '7 & - 1 41 R3 ay -17 RE Ctl -1 Rl
In accordance with (1k):
dS7 S7 5
—z 20— — — .
) 937 R (37.3)

Taking into account the equations (37.2) and (37.3), we see that the
equation (37) is correct. The integration of (37) between the limits

from P to 00 glves#*

LU0 {R3s3 | RS2 R151]
T 6|la o -,;32_ o - 1_\ (368)

5 |R383  RpSp B151

S8 = - + ) +

, 6l %-y° % -1

* Tdentity (38) masy be found in the cited memoire of Hamy(9), but he
arrives at it in an entirely different manner.
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Now we shall prove that the conditions of equilibrium obtained
(30) in the proceding section can be reduced to the equilibrium
conditions on homogenous level triaxial ellipsoids of Jacobi if the
coefficients A7 and Ag are equel to

T

A (39)

T
'8 " 5 - )

where T is the volume of the ellipsoid.

We shall prove in the end of this section that the expression for
the attraction potential (20) can be reduced to the expression of the
potential of the homogeneous ellipsoid of Dirichlet obtained in the year
1846. (21)

The conditions (30) can be written with the values of the coeffi-
cients (39) in the form:

T w 2 R8 .o
'ﬂal-az)'@?(al-ag)[l—af' ]’

T \w 2 { Rg 2}
= +
5lop - o) 68glop - o) {1 - % ’

Hence

5 2 R7 .
T8; = gW [1-041*2}7

!

TSB = %wa[ 8 + 2] .

-0

Taking the sum and difference of the preceding expressions we obtain

R R
T(S7+S8)=%w2[l -Toc1+l -80‘2+br] ’
5 o] Ry RS
36
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Consequently
5.2 S, +8
2 . , (40.1)
T R7 R8 "
Too (T-&
5w . S1r*s (40.2)
6 T R- Rg -

T-0 1-a&

Let us transform the right side of the equations (40) using the identities
(38) and (26).

According to the identity (38):
5 1 1 1 1
S + 8 = 2 {Re8z |— + = |+ RpSp + +
T 6{33L1 “e] {"‘1'72 “2'”?2]

+ RlSl [OL, l.l + aal- ];\‘} 2

Tekinz into account the quadratic equation (10), whose roots

o + Op = %(1 + ?2), and the identity (24), we obtain

2(1 + »° ol ut -2 2yP -
ST+88=%{R3S3 [_____( 72_.232 )} +1{22Lg'?l }—FR]_S]_ .L--—-1 2}.
(_?éj ;-4?
Making some transformations, we gzet
S+ + S 2 Rs(l-2)+Rs(22-1)+R52(2-2)
T 8";‘2’5"4'?'2')' 3934+ -7 2°2 7 @iy
71 - .

and

il + 8 +)+=R22 12 12+R32 RSN
1l-0 1l -0 OL]_—? ag-‘)? 03] Qo

Using the sbove-mentioned identities, we can reduce the latter equation
to the form

R R 2
T 8+LL=-

1-0p 1-0p 172(1-*7

S {Rge(af.? - 1) + 332(1 - 7&)] .

37
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Analogous computations of the numerator and denominator of (40.2) gzive

ST - 58 = m [R3S3(l -'72) - RoBo - R]_Sl:;?e] 5
and '

Ry Rg 3oy -y)F oo 2 2
1-al-1-q,28,72(1_,72)[33 (1 - )-RE]

The right sides of the equation (40) get the form

5 R383(1 -172) - RpSo + Rlslapg
2 2 2
6 R2(1 -9°) - Ry

v~

r

5 RgS3(1 -Yl‘) - RoSp(1 - 202) + 81814?2(-?2 - 2)

6 332(1 -71‘) - 322(1 - 272)

Setting these expressions into (40), we obtain

w2 RS0 -mZ) - RoSp - RiSy4F
T 332(1 -72) - R22

2

(k1)

_R353(1 - p') - ReSa(1 - 297) + R1S1P(y - 2)
R3=(1 -n™*) + RA(L - 272)

Hlem

Both the conditions can be reduced to the conditions of equilibrium of
Maclaurin ellipsoids in the case of rotation ellipsoids.

Indeed, let us suppose in (41) R3 = Rpj then we have:

2 2 2
w o -,23232 +? R18; - RoSs -~ RSy
w— T -qzeﬂga R22 ’
' i 2
& RoBa(2y® - ') + RiS14E(p° - 2) RSy - Risy
— T2 = S .
T RP( " + 29°) - Ro”
38
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The comparison of the parts of the equality (41) on the right side
glves, after the deduction of similar teruws:

R3S5Ro" [(l -71*) - (1 -72)(1 - 272)] - B8Ry [72(1 - 25) - 4(2(,,% - 2)}
= 3232332[(1 -9 Myl - 2eF ) (1 -?2)]_

- RlSlR32 [72(1 —'71*) -‘72(’72 - 2)1 - ')?2)] .

A1l the expressions in the brackets are equal to 31? - 31#.

Dividing through by this nonzeroc expression we ob%ain:

R.S.R,> - RS;Ro> = RS R:> - RyS,Ra°
3838y - BiSjRy = RoB Ry - Ri5iR3,

(h2)

R3S3 - RySy  RpSp - RSy

2 2
R3 R,

This expression is the above-mentioned supplementary condition of the
equilibrium of Jacobi ellipsoids which was given by Poincare’ (20) in the
form:

Rlsl - R’-I-Sll- ) (1}3)

The equilibrium condlitions (30) can be reduced to the equilibrium
conditions of Jacobi ellipsoids if the coefficients are equal to the
expressions (39).

Let us prove now that the substitution into the formula (20) of
the values of the coefficilents expressed in (39) makes the formula (20)
equivalent to the formula of Dirichlet.

The formula (20) after this operation becomes™

1 ‘ 1 ‘
v =(T SO + m Sr(Mr(N'( + m SBMBNS) . ()-l-)-k)

Let us introduce into the last formula rectangular coordinates of an
exterior point x, ¥y, z.

L The density becomes equel to unity, i.e., M = Tj.

39
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We had the expressions for x2, ye, z2 in terms of the product.MN,
namely the formulas (25). Let us write the formulae using the ex-
pressions of Lame from Table 2:

2 2 2

S +3(al-l)a2-a1+3(a2-l)al-a2

3

2 2
Ro M7N7 Ro Mglg

IR -72)52-%*3((12-?2)@1-0@

2 2 2

3 T3 op - 3 - %

2
Rp
¥° =

2

Hence

I N 1 (.
Ri2 o -opl\y -1 -1/
) 3¢ 1 <M7N7 Mgg ) -
- - )

RZ @ - % 0‘-72 0‘2'122

(45)

1 322 _ 1 MN7  MgNB )
B

Let us put into formula (44) instead of 8, and Sg thelir expressions by (38):

V=TS +5la -am)log -1 a-1

. R2S2 -/ MyN7 MeNs \ = _ B383 MNy MBNSX
6(ay - @) 2] 6oy - o) \ (o oo

@ 7% % -7

Utilizing the equations (45) we obtain,

R1S1 3542 RoS2 352 R3R3 [ 322
V:TSO+ (l_ ?)+—;_Q'———§ +"""‘(]—"‘"ﬁ 5
6 2., - R2 5 e

.L\l 1.3
or
s s
1. 1 2 % 2 3 2l (w
V= Tiso + 7 (RySy + RgSp + R383) - o o 2 - z } (4€)

Lo
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Let us now prove the identity
1
3 (B8 + RpSp + R383) = 8-

We shall study for this purpose the function

d)d
P
8. = 3R —_—
3 35 5

p B3

or

w2

ill—-'
"MI——'

6 o] o
2§t
R W

TS

Integrating this formula by parts, we get

0
s
3R3 YA W W
P
Let us expand the function %"—, into simple fractions:
2
W W'W 29 -~-1=-7 1 1

0GR 9D pE-1 22’

or

.w_...z 1 +—§-l
TR

Setting this expression into (47) under the integral sign we obtain

3 1 5 1 1 {ap
—_ = = - =5+ =5 |+
3Ry pW 5 Ry R | W
But Sl and 82 are 00
- dp
3, = 3R —_—
- (2
L RyW
Q©
dp
S, = 3R —
f
b1
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Taking this into account, we have

or (48)
S 3 S
o[S3, 52, 8] 3
R3 Ro Ry W
It is easy to see that the addition of the expressions (37.1) gives
83 Sz 8 9
[R +R282+Rlsl] ""2?[“‘+§“+§"] -5 (49)
3 2 1
besides
d 1
P Sg= -7 - (50)

Consequently, on the basis of (49) and (50) we can write

14d ) .34
5 EFI:R385 + RoS, + Rlsl} = 3 75 % -

Integrating this expression between the limits p to oo, we obtain the
sought identity:

% (R3S3 + RgS, + RyS;) = So- (51)

Using the identity (51), we can write (47) in the form

3 51, Se o |
V=—2-T<SO--3-§IX --S'ﬁ'e'yz-3—R§Z) (52)

or, substituting for 8y, 82, S3 their integral expressions,

e o)

X2
VS%TJ(}_ 2 - 1 42 “"2? )\/(tQ Z)(tz_ 1) )

-t

ho
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Let us introduce a new variable

2. P02 (PO is a constant),

5 2
du = 2t~dt; t = PO + u,

us=1t

then

£ L0 2
Set \/PO +u=A .

The transformation to the new variable u gives

fole]
Vzﬂs'Tj(l" 2X2 - ny2 ‘—,Z—-—Ze )x
. A PO" -1 +u POC"’?2+‘1 Po+u

du
x »

Vg2 + w2 =92 + w)(p? - 1 + u)

The semi-axes of the ellipsold are

2 2 2 _ 2 2 2 _ .2
A =FO -1, B —f’o —7 ; C —PO-
The volume of the ellipsoid is
T = )% ﬂABCc
Finally, we have
)
2 2 2
dr
V=ﬂABCS(1~2X T u
h A= +u Be +u C=+u \/(A2 +u)(B2 + U.)(CE + u)

Here the attraction constant is put equal to unity.

We get the formula for the attraction potential (on an exterior point)
of a homogeneous ellipsoid. Dirichlet wrote it (21) in the form:

@ 2 2 2
X y Z du -
V= 1- - - —_— 9 (52.1)
j( A2 +u B2 +u 02+u)D

A
p=\e+ 3 (3 (B

e
(¥4

We can consider the formuls (44) as the e

potential for a homogeneous triaxi al ellipsoidxpression of the attraction

*

43
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CHAPTER II

1, THE GRAVITY ON THE SURFACE OF A 1EVEL
TRIAXIAL ELLIPSOID; GENERAL FORMULA

Let ve obtain a formula for the gravity. Denoting by Y, the gravity

on the surface of the ellipsold p = Por WO have

n op dn o

Po

In accordance with the formula (8),

%& = (6% - 167 - 1) = (RBR, .

(53)

Differentiatihg the fundamental formula for the potential of gravity (27)

and taking into consideration the formula (14), we have

S 5 S

2

2 L= R + 5 2,
P 1y By

S 5 S

&8 + 82p,

P BRBg By

R
08
—= 2p,

op

The differentietion wilth respect to p yields

20 =M +3w2p0}
(bpp=p0{ 250 3
0 2
5 S w 2p
Z 0
Ha (s o) * ]MN
7 B R R ) 6‘“2'“1)[1"’1177
0 2
5 Ss w zpo X}
+14, (— + 2p + { M
{8( 22,020 20 o) 6oy - a) |1 - o g8
"
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In order to eliminate wz, we shall utilize the equations (30) of
equilibrium. The first conditlon yields:

SO

2w2 S AR
- =l+( - )

3 1~ % JL7 E0
1-a.1+2

and

-0
The second condition ylelds
W ‘*8280
C or,a) __IEQ__ s
1=y

The last expression obtained from the second condition of equilibrium
can be put into the third brace.

Putting the three above-written expressions into formula (54) we
obtaln

0

ra) M 3
—— = - +L|.(g_l_a2)p _ﬁ—z—-
3 RORO 0 0
P P=Fp 172 B? ‘2
1 -
%
0 0
5 S 2p S
2 0 7
+A7{" o.o.0 " ozpo_[ } o M,
1-
R ol B
-0
L% X zpﬂ e g
+8:3" "% o0 Ft "0 “Po " — .
8{ 0,0,0 g 70 c 8
Ry By Ry R l-al B .
1-ay
Multiplying by C—f)e_ = (OR‘l’Rg and changing sign and further

teking into account that g = RS, and putting, following Lyapunov,
RR3R3 = A, we obtain:
45
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0
Sg
_'v =M/ ~ ’-Ir(cx.l - 02) A7A/° 370
l-a.1+2
5 s, 2 370 559
" — - DA + .M 55
57{1\70 0 1-a B e
7 + 2
g s® 2 s 0
+A8 ——5—2A 80 + g—-—-— lOMBNB.
RS R8 1-a2 RS .2
- %
Let us transform the first two terms in the first brace:
5.0 2 5.0 1 1 1
- 20 L+ u ——ZASO[ -
o, 0 B 7 0 4. Eo
R? al—&-l + 2 37 all + 2
- % |
0
2 A S
""'2‘5370 ) ==h—3 Z
)] T e
l -~ 1 -
% %

In analogous fashion the reduction of other terms in draces can be made.

Taking this condition into consideration and omitting the index
HOM" . we finslly have

S
Y= ML bloy - o) A, T A
l-c:1+2
iz{5 %
YRR TR TR | o (56)
_ % |2 h——ill-ﬂ-z} S
b |
ie (5 i s
+§§ - Res }A{Msus.
Ll-a2+2
16
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This is the general formula of gravity on a heterogeneous, tri-
axial, level ellipsoid expressed in Lame functions., The coefficients
A,? and Ag must be determined by the equations (30).

2, TRANSITION TO A HOMOGENEOUS IEVEL
ELLIPSOID; FORMULA OF POINCARE.
Now we shall prove that in a partial case if the plenet in question

1s a homogeneous body, the gravity expressed in (56) can be reduced to
the formula given by Poincare in the year 1885 [27:

4
v = 3 "R;5,. (57)

We must remark that the magnitude / introduced by Liouville can be
expressed in the following form:

B = 66" ) = ), - W) = @ - g (rg - ),
Hence
.2
TR - (-1 A
1=R7 - Ry (Mg = Ng) + MgH, .

2

Multiplying the first equality by RB and the second by - R7 and adding
the results we obtain _

7% (Bg - 117) = R Ry (117 - Rg) + B.Rg [(M8 - M7) + (g - N7)]
+ 38M7N7 - BMoNg .

The magnitudes in parentheses are expressible in terms of the difference
of the roots, therefore

T (- ) = BRgley - o) ¥ Ry - o) + R, - B,

Dividing this expression by the value QG = Gy, which is not equal to
zero, we obtain

1 Bg B
E=R7R8+01-62M7N?-c1-a2M8N8’

k7
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Thus we have the desired relation:

1 M
ey Y

TRy Ryl - o) Rylay - o)

Taking into consideration the equality (58) and the conditions of
equilibrium, we can change the form of the general gravity formula:

(58)

7
o, s - t”
¥ =M+ S(at 4 A )l - b(ay - o)) A7A——(_'§7-EB—' : - (56.1)
In the case of a homogeneous body,
by _ iy
AN B I CNES
Phen (56) becomes

' b S T 5 S
7 —_
Y=Ml=-=1T Al + -4 A(M_K
5 ‘ s 5(ay - “2)37{ X s 77
1-01 1-a1

Lo

In the case of a homogeneous body the equilibrium conditions require
the relation

s ) 38
+ 2 I + 2
] =%
Consequently,
48
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